Abstract. For each non-negative integer n, we define the n-th Nash blowup of an algebraic variety, and call them all higher Nash blowups. When n = 1, it coincides with the classical Nash blowup. We prove that sufficiently high Nash blowups separate analytic branches. We also determine for a monomial curve in characteristic zero when its higher Nash blowups are smooth.
Introduction
The Nash blowup of an algebraic variety is the parameter space of the tangent spaces of smooth points and their limits, and the normalized Nash blowup is the Nash blowup followed by the normalization. It is natural to ask whether the iteration of Nash blowups or normalized Nash blowups leads to a smooth variety. There are works on this question, by Nobile [Nob] , Rebassoo [Reb] , González-Sprinberg [GS] , Hironaka [Hir] and Spivakovsky [Spi] . If the answer is affirmative, we obatin a canonical way to resolve singularities.
In this paper, we make a similar but different approach to a resolution of singularities. Let X be an algebraic variety over an algebraically closed field k. For a point x ∈ X, we denote by x (n) its n-th infinitesimal neighborhood, that is, if (O X,x , m x ) is the local ring at x, the closed subscheme Spec O X,x /m n+1 x ⊆ X. If x is a smooth point, being an Artinian subscheme of length points of X. We define the n-th Nash blowup of X, denoted Nash n (X), to be the closure of the set {[x (n) ]|x smooth point of X} in Hilb ( n+d d ) (X). Namely Nash n (X) parameterizes the n-th infinitesimal neighborhoods of smooth points and their limits. The first Nash blowup is canonically isomorphic to the classical Nash blowup. Every point of Nash n (X) corresponds to an Artinian subscheme Z of X which is set-theoretically a single point. We have a natural map It is a projective birational morphism which is an isomorphism over X sm .
Oneto and Zatini [OZ] defined the Nash blowup Nash(X, M) of a Noetherian scheme X associated to a coherent O X -module M. When X is an algebraic variety and M = Ω X/k , it is the classical Nash blowup. Let I ⊆ O X× k X be the defining ideal of the diagonal ∆ ⊆ X × k X and P n X := O X× k X /I n+1 , the sheaf of principal parts of order n of X [Gro, Def. 16.3 .1]. Then we have a canonical isomorphism Nash n (X) ∼ = Nash(X, P n X ). Applying a result in [OZ] , we can describe a higher Nash blowup as the blowup with respect to some fractional ideal sheaf.
Concerning the desingularization problem, we formulate the following conjecture.
Conjecture 0.1. Let X be a variety of dimension d in characteristic zero and A ⊆ X the closed subscheme defined by the d-th power J d of the Jacobian ideal J ⊆ O X . Let [Z] ∈ Nash n (X) with Z A. Then Nash n (X) is smooth at [Z] .
For any closed subscheme Y ⊆ X of dimension < d, there exists n 0 such that for every n ≥ n 0 and for every [Z] ∈ Nash n (X), Z Y (Lemma 2.10). Then the conjecture especially says that Nash n (X) are smooth for n ≫ 0. If the conjecture is true, we obtain a canonical way to resolve singularities by one step.
LetX := SpecÔ X,x be the completion of a variety X at x ∈ X, and X i , i = 1, . . . , l, its irreducible components. Then we can define also higher Nash blowups ofX andX i , and have
Nash n (X i ).
We prove that for a sufficiently large n, Nash n (X i ), i = 1, . . . , l, are mutually disjoint. Moreover when X has only hypersurface singularities, we can show the following proposition related to Conjecture 0.1: Proposition 0.2 (Proposition 2.9). Suppose that X has only hypersurface singularities.
(1) Let B ⊆ X be the closed subscheme defined by the Jacobian ideal and let [Z] ⊆ Nash n (X) with Z B. Then Z is contained in a unique analytic branch of X. (2) There exists n 0 ∈ N 0 such that for every n ≥ n 0 and for every x ∈ X, ifX i , i = 1, . . . , l, denote the analytic braches of X at x, then Nash n (X i ), i = 1, . . . , l, are mutually disjoint.
For an analytically irreducible curve C, we find a criterion for the smoothness of a higher Nash blowup of C from the viewpoint of deformation theory. Then applying it, we prove the following: Theorem 0.3 (Theorem 3.4). Let S = {0 < s 0 < s 1 < s 2 < · · · } ⊆ {0, 1, 2, . . . } be a numerical monoid, and let C := Spec k[S] be the monomial curve associated to S with k an algebraically closed field of characteristic zero. Then Nash n (C) is smooth if and only if s n − 1 ∈ S. Especially, sufficiently high Nash blowups of C are smooth.
In contrast to the iteration of classical Nash blowups, each higher Nash blowup is directly constructed from the given variety. There is no direct relation between Nash n+1 (X) and Nash n (X). In fact, from Theorem 0.3, we see that even if Nash n (C) is smooth, Nash n+1 (C) is not generally smooth, and there is no birational morphism Nash n+1 (C) → Nash n (C) (See Example 3.6).
As a corollary of Proposition 0.2 and Theorem 0.3, we can show that Conjecture 0.1 holds for curves in characteristic zero with hypersurface singularities and with analytic branches of the form Spec k[[x p , y q ]] with p, q relatively prime.
Remark 0.4. There are few evidences for Conjecture 0.1 in higher dimension. It is, maybe, safer to replace J d with J a d , where a d is a positive integer depending only on d. The conjecture is based on the idea that Artinian subschemes protruding much from the singular locus behave well.
The conjecture fails, if we replace J d with J : Let
be a surface with an A n -singularity. Its Jacobian ideal is (x, y, z
. Let A ⊆ X be the subscheme defined by the Jacobian ideal, which is isomorphic to Spec
2 , and Z A. However the classical Nash blowup of X is not generally smooth (see [GS, §5.2 
]).
The conjecture fails also in positive characteristic (at least in dimension one). Let C be an analytically irreducible curve in characteristic p > 0. Then Nash p e −1 (C) ∼ = C for e ≫ 0 (Proposition 3.9). If k is of characteristic either 2 or 3, and if C = Spec k[x 2 , x 3 ], then Nash n (C) ∼ = C for every n (Proposition 3.10).
Nakamura's G-Hilbert scheme is also a kind of blowup constructed using a Hilbert scheme. For an algebraic variety M with an effective action of a finite group G, its G-Hilbert scheme G-Hilb(M) parameterizes the free orbits and their limits in the Hilbert scheme of points of M, and there exists a projective birational morphism G-Hilb(M) → M/G. Replacing free obits with their n-th infinitesimal neighborhoods, we can define a higher version of G-Hilbert scheme, although the author does not know whether it is interesting.
We can easily generalize the higher Nash blowup to generically smooth morphisms, that is, to the relative setting, and even more generally to foliations. The latter was actually what the author first thought of [Yas] . In sum, the common idea is the following: Given a variety or a variety with some additional structure (such as a morphism or a foliation), the space of some objects uniquely associated to smooth points and their limits is, if well-defined as a variety, then a modification of the given variety. If the modification is a resolution of singularities, then it should be an advantage that the resulting variety is a moduli space of some objects on the given variety.
In Section 1, we give the definition of higher Nash blowup. In Section 2, we prove basic properties of higher Nash blowups. In the final section, we study the case of curves.
Conventions. We work in the category of schemes over an algebraically closed field k. A point means a k-point. A variety means an integral separated scheme of finite type over k. For a closed subscheme Z ⊆ X defined by an ideal I ⊆ O X , we denote by Z (n) its n-th infinitesimal neighborhoods, that is, the closed subscheme defined by I n+1 . For a scheme X, X red denotes its associated reduced scheme. We denote by N the set {1, 2, . . . } of positive integers and by N 0 the set {0, 1, 2, . . . } of non-negative integers.
Definition
Let X be a variety of dimension d, and for l ∈ N, let Hilb l (X) be the Hilbert scheme of l points of X.
For n ∈ N 0 and x ∈ X, let x (n) := Spec O X,x /m n+1 x be the n-th infinitesimal neighborhood of x. If X is smooth at x, then x (n) is an Artinian subscheme of X of length d+n n . Therefore it corresponds to a point [
If X sm denotes the smooth locus of X, then we have a map
Lemma 1.1. σ n is a morphism of schemes.
Proof. Let ∆ ⊆ X sm × k X sm be the diagonal. Consider a diagram of the projections restricted to its n-th infinitesimal neighborhood ∆ (n) ,
Therefore by the definition of Hilbert scheme, there exists a morphism
Definition 1.2. We define the n-th Nash blowup of X, denoted Nash n (X), to be the closure of σ n (X sm ) with reduced scheme structure. Lemma 1.3. Let Z ⊆ X × k Nash n (X) be the universal family over Nash n (X). Then the natural morphism Z red → Nash n (X) is an isomorphism.
Proof. The morphism is obviously a homeomorphism. Moreover it is an isomorphism over σ n (X sm ). If write N := Nash n (X), we can view O Z as a flat O N -module. Then for every point x ∈ N, the fiber
. Here κ(x) ∼ = k is the residue field of x.
Let I ⊆ O Z be the nilradical. Then for every x ∈ σ n (X sm ), the fiber
From the upper semicontinuity of fiber dimension, for every point
− 1. Now we easily see that in fact, the equality holds. Then the structure sheaf O Z red = O Z /I of Z red is isomorphic to O N . This proves the lemma.
We obtain a morphism
It is clear that π n is projective and an isomorphism over X sm , in particular, birational. Lemma 1.4. The Nash n (X) is canonically isomorphic to the irreducible component of the relative Hilbert scheme
. We also have a closed embedding
Then Nash n (X) and the irreducible component of Hilb (
Proof. The subscheme Z ⊆ X is contained in the fiber of pr 1 : ∆ (n) → X over x, which is exactly x (n) .
Basic properties
2.1. The Nash blowup associated to a coherent sheaf. In this subsection, we recall from [OZ] the Nash blowup associated to a coherent sheaf, which is a generalization of the classical Nash blowup. The higher Nash blowup is isomorphic to its special case. Let X be a reduced Noetherian scheme, M a coherent O X -module locally free of constant rank r on an open dense subscheme U ⊆ X, and Grass r (M) the Grassmaniann of M of rank r, which is a projective X-scheme. Then the fiber product Grass r (M) × X U is isomorphic to U by the projection.
Definition 2.1. The closure of Grass r (M) × X U is called the Nash blowup of X associated to M and denoted Nash(X, M).
Then the natural morphism π M : Nash(X, M) → X is projective and birational. When X is a variety and M = Ω X/k , then Nash(X, Ω X/k ) is the classical Nash blowup of X.
If tors ⊆ π * M M denotes the torsion part, then by definition, (π * M M)/tors is locally free. Moreover Nash(X, M) has the following universal property: If f : Y → X is a modification with (f * M)/tors locally free, then there exists a unique morphism g :
is the structure sheaf of ∆ (n) and called the sheaf of principal parts of order n of X (see [Gro, Def. 16.3 .1]). We regard P n X and P n X,+ as O X -modules through the first projection. When X is a variety, these are coherent sheaves.
Proposition 2.2. For every variety X and every n ∈ N 0 , we have canonical isomorphisms,
In particular, Nash 1 (X) is canonically isomorphic to the Nash blowup of X.
Proof. Because of the universal property, if N is locally free, then we have a canonical isomorphism Nash(X, M ⊕ N ) ∼ = Nash(X, M).
Let U ⊆ X × k Nash n (X) be the universal family of subschemes of X over Nash n (X). Then O U is a quotient of π * n P n X and flat over O Nash n (X) . Then its structure sheaf O U must be isomorphic to (π * n P n X )/tors. The universality of Hilb (
induces the universality of Nash n (X) among the modifications of X with this property. Therefore, Nash n (X) ∼ = Nash(X, P n X ). Corollary 2.3. Let X be a variety of dimension d, n ∈ N 0 , and r :=
Then Nash n (X) is isomorphic to the blowup of X with respect to a fractional ideal ψ( r P n X ). Proof. These are results due to Oneto and Zatini [OZ] applied to the case where M = P 
Proof. Let ∆ X and ∆ Y be the diagonals in X × k X and Y × k Y respectively. Then the natural morphism
is an isomorphism. This proves the assertion.
2.3. Group actions. Let X be a variety of dimension d, G an algebraic group over k acting on X. For each l ∈ N, we have a natural action of G on Hilb l (X),
Since this map is well-defined not only for k-points, but also for Spoints with S arbitrary k-scheme, the action is realized as a morphism of schemes. For l = n+d d
, the subscheme Nash n (X) of Hilb ( n+d d ) (X) is stable under this action. Thus the G-action on X naturally lifts to Nash n (X) and the morphism π n : Nash n (X) → X is G-equivariant.
2.4. Formal localization of higher Nash blowups. For a complete local Noetherian ring S with coefficient field k, the module Ω S/k of Kähler differentials is not generally finitely generated over S, while its completionΩ S/k is. The latter is usually the suitable one to handle. We show those similar facts on its higher versionP n S that are required in applications to higher Nash blowups.
Let k[x] := k[x 1 , . . . , x r ] be a polynomial ring with r variables and R = k[x]/a its quotient ring. We define an ideal I R of R ⊗ k R,
Then we put P n R := R ⊗ k R/I n+1 R and regard it as an R-module via the map
Then the module is finitely generated over R. If X := Spec R, then the O X -module P n X defined above is identified with the sheaf P n R associated to the R-module P on an open dense subset is probably superfluous. From the following lemma, when Y is the completion of a variety at a point or its irreducible component, the condition is, in fact, satisfied.
. Then there exists a natural isomorphism
Similarly, ifâ denotes ak[[x]], then
We haveR
Corollary 2.7. Let X be a variety, x ∈ X andX := SpecÔ X,x . Then there exists a natural isomorphism Nash n (X) ∼ = Nash n (X) × XX .
Proof. Let f :X → X be a natural morphism. From Lemma 2.6, P n X ∼ = f * P n X , which implies the corollary.
2.5. Separation of analytic branches. Let X be a variety of dimension d,X := SpecÔ X,x the completion of X at a point x ∈ X, and X i , i = 1, . . . , l its irreducible components. NamelyX i are analytic branches of X at x. Then we have
Let [Z]
∈ Nash n (X) such that Z red = x. Then we can regard [Z] also as a (k-)point of Nash n (X) and of Nash n (X i 0 ) for some 0 ≤ i 0 ≤ l. Then Z is a closed subscheme ofX i 0 . Moreover, from Corollary 1.5,
Proposition 2.8. Fix x ∈ X and defineX andX i as above. Then for n ≫ 0, Nash n (X i ), i = 1, . . . .l, are mutually disjoint.
Proof. For i = j, the length of the Artinian
is the Hilbert function (with variable n) of a local Noetherian ring of dimension < d, whereas for [Z] ∈ Nash n (X)(k), the length of Z is n+d d
. Therefore for n ≫ 0, for every i = j and for every [Z] ∈ Nash n (X)(k), we have
This means that for every
Proposition 2.9. Suppose that X has only hypersurface singularities.
Proof. 1. Let x := Z red ∈ X and defineX andX i , i = 1, . . . , l, as above. Then we can writê
).
Every 1 ≤ i 1 < i 2 ≤ l and for every 1 ≤ j ≤ d + 1, we have
It follows that for every 1 ≤ i 1 < i 2 ≤ l,B ⊇X i 1 ∩X i 2 . Now the assumption says that for every 1 ≤ i 1 < i 2 ≤ l, Z X i 1 ∩X i 2 . This proves the assertion.
2. The second assertion follows from the first one and Lemma 2.10.
Lemma 2.10. Let X be a variety of dimension d and B ⊆ X a closed subscheme of dimension < d. Then there exists n 0 ∈ N 0 such that for every n ≥ n 0 and for every [Z] ∈ Nash n (X), Z B.
Proof. Since B is of dimension < d, for every b ∈ B, the Hilbert function of O B,b is a polynomial of degree < d for n ≫ 0. It follows that for n ≫ 0,
Because of the semi-continuity of Hilbert functions proved by Bennett [Ben] , for n ≫ 0, the inequality holds simultaneously for all b ∈ B. Let [Z] ∈ Nash n (X) and b its support. From Corollary 1.5,
, if the inequality holds, then Z B ∩ b (n) and hence Z B.
3. Higher Nash blowups of curves 3.1. A criterion for smoothness. Let C be an analytically irreducible variety of dimension one andC its normalization. The natural morphism ν :C → C factors as
{ { w w w w w w w w w C .
be the family of subschemes of C overC corresponding to φ n :C → Nash n (C). We view the smooth locus C sm of C also as an open subset ofC, and
The support of Z n is the graph Γ of the morphism ν :C → C. If C andC are affine, say C = Spec R,C = SpecR, and if I ⊆ R⊗ kR is the prime ideal defining Γ, then Z n is defined by the (n+1)-th symbolic power I (n+1) of I. Let o ∈C and Z n := q −1 n (o) ⊆ C, the subscheme corresponding to φ n (o) ∈ Nash n (X). Consider a nonzero tangent vector at o,
The fiber product
is the first order embedded deformation of Z n ⊆ C corresponding to
Theorem 3.1. The morphism φ n :C → Nash n (C) is an isomorphism at o if and only if Z n,ǫ is not the trivial embedded deformation of Z n .
Proof. Since C is analytically irreducible, φ n is an isomorphism at o if and only if the tangent vector φ n • ǫ does not vanish. The latter condition means that Z n,ǫ is not trivial.
is a subring such that x n ∈ R for n ≫ 0, and that C = Spec R. Because of Corollary 2.7, in a study of local behavior of higher Nash blowups, it is enought to consider this case. The normalizationC of C is isomorphic to an affine line, sayC = Spec k [y] . Then the coefficient ring of C × kC is a subring R[y] of a polynomial ring k[x, y]. If we suppose that the morphism ν :C → C is determined by
then Γ ⊆ C × kC is defined by (x + y) on C sm × k C sm , which makes computations simple. Let I ⊆ R[y] be the defining ideal of Γ. Then the defining ideal of Z n ⊆ C is a n := I (n+1) R[y]/(y) ⊆ R. Now Theorem 3.1 is reinterpreted as follows.
Corollary 3.2. The morphism φ n :C → Nash n (C) is an isomorphism at the origin ofC if and only if I (n+1) contains an element
Proof. The first order deformation Z n,ǫ is defined by the ideal I (n+1) (R[y]/(y 2 )). If the ideal is generated by
then Z n,ǫ corresponds to the homomorphism a n → R/a n , f j0 → f j1 . Now the following are equivalent:
(1) Z n,ǫ is a nontrivial deformation.
(2) The homomorphism a n → R/a n is nonzero. (3) f j1 / ∈ a n for some j. (4) I (n+1) contains an element
The corollary is now a direct consequence of Theorem 3.1.
3.2. Monomial curves. In this subsection, we suppose that k is of characteristic zero. A numerical monoid is a submonoid S of N 0 with ♯(N 0 \ S) < ∞. For a numerical monoid S, we define a k-algebra k[S] by
Definition 3.3. The curve Spec k[S] is called the monomial curve associated to S.
Theorem 3.4. Let C be a monomial curve associated to a numerical monoid S. Write
Then Nash n (C) is smooth if and only if s n − 1 ∈ S. Especially, Nash n (C) are smooth for n ≫ 0.
Lemma 3.5. Let a := {a 1 < a 2 < · · · < a e } ⊆ N and define a (e × e)-matrix
In particular, if n + e − a i > 0, then det M(n; a) = 0, and the matrix M(n; a) is regular.
Proof. This matrix appears also in [ACGH, page 353] . Without changing the determinant, we can replace the first column with the sum of the first and the second, and the second with the sum of the second and the third, and so on. The resulting matrix is
Again we replace the first column with the second and the third, and so on. We obtain  
1 a e a e (a e − 1) · · · a e (a e − 1) · · · (a e − e + 2)
Proof of Theorem 3.4. Let the notations be as in Corollary 3.2. For n ∈ N 0 , set {t 1 < t 2 < · · · < t ln } := {t ∈ N 0 \ S|t < s n } and t n := {t 1 , . . . , t ln , s n }.
Since n = s n − (l n + 1), from Lemma 3.5, M(n + 1, t n ) is regular. We define r n,i ∈ k, i = 1, . . . , l n , by the equation
. . .
Then we define a homogeneous polynomial of degree s n = n + l n + 1,
For 1 ≤ i ≤ l n , the coefficient of
and the coefficient of y sn = y n+ln+1 is 1. It follows that f n ∈ R[y] ⊆ k[x, y] and f n ∈ I (n+1) . Hence
We have
Since length R/a n = n + 1, we must have a n = (x s n ′ ; n ′ ≥ n) and the ideal I (n+1) is generated by f n ′ , n ′ ≥ n at least around (ν(o), o) ∈ C × kC , where o ∈C is the origin.
For n ′ ≥ n, let c n ′ be the coefficient of x s n ′ −1 y in f n ′ . Then for every n ′ > n, c n ′ x s n ′ −1 ∈ a n . Therefore from Corollary 3.2, Nash n (C) is smooth if and only if c n = 0.
If s n − 1 / ∈ S, then by the construction of f n , c n = 0. Suppose that s n − 1 ∈ S. Then s n − 1 > t ln . Let t ′ n := {t 1 , . . . , t ln , s n − 1}. From Lemma 3.5, the matrix M(n + 1; t ′ n ) is regular. We have
Hence c n = 0. We have thus proved the theorem.
Example 3.6. Let S := 5, 7 ⊆ N 0 be the numerical monoid generated by 5, 7. Then 5, 7, 10, 12, 14, 15, 17, 19, 20, 21, 22 , n; n ≥ 24}.
Let C be the monomial curve associated to S. Then Theorem 3.4 says that Nash n (C) is singular (n = 0, 1, 2, 3, 4, 6, 7, 11) smooth (otherwise).
Example 3.7. Let m ∈ N, S m := {0, m, m+ 1, m+ 2, . . . }, and C m the monomial curve associated to S m . Then for every n > 0, Nash n (C m ) is smooth. Proof. LetĈ be the completion of C at a closed point andĈ i , i = 1, . . . , l, its irreducible components. Let B ⊆Ĉ be the closed subscheme defined by the Jacobian ideal ofĈ, and B i ⊆Ĉ i the closed subscheme defined by the Jacobian ideal ofĈ i . Then for every i, we have B i ⊆ B ∩Ĉ i . From Proposition 2.9, it suffices to show the assertion only in the case where C = Spec k[x p , x q ]. Let S be the numerical monoid generated by p and q. Then it is known that {n ∈ N|n ≥ (p − 1)(q − 1)} ⊆ S. Accordingly, Nash n (C) is smooth for every n with
C is embedded into Spec k [u, v] . The embedded curve is defined by u q − v p = 0. The Jacobian ideal J ⊆ k[x p , x q ] of C is (u q−1 , v p−1 ) = (x p(q−1) , x q(p−1) ). We see that for every n with s n ≤ (p − 1)(q − 1), J ⊆ a n . This proves the corollary.
3.3. Positive characteristic.
Proposition 3.9. Let C be an analytically irreducible curve in characteristic p > 0. Then for e ≫ 0, Nash p e −1 (C) ∼ = C.
Proof. We may assume that C is as in Corollary 3.2, and that the diagonal ∆ ⊆ C × k C is defined by (x + y) on C sm × k C sm . For e ≫ 0, (x + y) p e = x p e + y p e ∈ R ⊗ k R ⊆ k[x, y].
Let W ⊆ C × k C be the closed subscheme defined by the ideal (x+y) p e . If q ∈ C is the image of the origin o ∈C = Spec k [x] , then the fiber of pr 2 : W → C over q is Spec R/x p e R. From [Eis, Lem. 11.12 From [Eis, Ex. 20 .13], pr 1 : W → C is flat. There exists a corresponding morphism C → Nash p e −1 (C), which is the inverse of π p e −1 : Nash p e −1 (C) → C. We have proved the proposition.
Proposition 3.10. Suppose that k is either of characteristic either 2 or 3. Let C := Spec k[x 2 , x 3 ]. Then for every n ∈ N 0 , Nash n (C) ∼ = C.
Proof. Let the notations be as above. We first consider the case of characteristic 2. For n ∈ N, Thus for odd n, (x + y) n+1 ∈ R ⊗ k R. By the same argument with the proof of the last proposition, we see that Nash n (C) ∼ = C.
For even n, the coefficients of x n+2 y and xy n+2 in (x 2 + xy + y 2 )(x + y) n+1 are both zero. Therefore (x 2 + xy + y 2 )(x + y) n+1 ∈ R ⊗ k R. For an ideal I := ((x + y) n+2 , (x 2 + xy + y 2 )(x + y) n+1 ) ⊆ R ⊗ k R, we have length R/IR = length R/(x n+2 , x n+3 )R = n + 1.
Again by the same argument, we can show the assertion in the case where n is even.
We next consider the case of characteristic 3. Similarly we have (x + y) n ∈ R ⊗ k R (n ≡ 0 mod 3), (x − y)(x + y) n = (x 2 − y 2 )(x + y) n−1 ∈ R ⊗ k R (n ≡ 1 mod 3), (x 2 + xy + y 2 )(x + y) n ∈ R ⊗ k R (n ≡ 2 mod 3).
For each n ∈ N, we define an ideal I ⊆ R ⊗ k R as follows:
((x − y)(x + y) n+1 , (x + y) n+3 ) (n ≡ 0 mod 3) ((x + y) n+2 , (x 2 + xy + y 2 )(x + y) n+1 ) (n ≡ 1 mod 3)
((x + y) n+1 ) (n ≡ 2 mod 3).
Then length R/IR = length R/x n+1 R or length R/(x n+2 , x n+3 )R = n + 1.
We can similarly show the assertion.
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